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Abstract. An optimal control problem governed by semilinear elliptic partial differential equations is con- 
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1 Introduction 

> 
On 

Consider the following controlled elliptic partial differential equation of divergence form: 



<3\ 

o 



-V ■ {A(x,u(x))Vy(x)) = f(x,y(x),u(x)), in ft, 
y(x) = 0, on dQ, 

where f2 is a smooth bounded domain in R™, A : SI x U — > Il nxn is a map taking values in the 

•rH . 

^ ■ set of all positive definite matrices, and / : O x R x [/ — R, with U being a separable metric 

h : 

space. The control function u(-) is taken from the set 

11 = {v : $7 — > U\v(-) is measurable} . 
Let the cost functional be defined by 

J«)) = [ f°(x,y(x),u(x))dx, (1.2) 
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where y(-) is the solution of (1.1) (called the state corresponding to control u(-)). Our optimal 
control problem is as follows. 

Problem (C). Find a u(-) G U such that 

J(u(-))= inf J(u(-)). (1.3) 
«(-)ew 

Any u(-) satisfying (1.3) is called an optimal control. It is well-known that optimal control of 
Problem (C) may fail to exist. When A(x,u) = A(x), a suitable Cesari-type condition and some 
other mild conditions will guarantee the existence of an optimal control. Cesari-type condition 
is a natural generalization of optimal control problem with linear state equations and convex 
cost functionals. Many results are available along these lines. For further detail, see the books 
by Cesari [6], Li and Yong [11], for examples. For the two phrase case, i.e., U = {0,1} and 
A(x,i) = Ai (i = 0,1) with Aq,A\ being two constant matrices, Murat and Tartar gave an 
existence result in the framework of "relaxation" control (see [16]). However, it seems no work 
devoted to the existence of optimal controls for general cases. 

In this paper, we will give a Cesari-type result to ensure the existence of a solution to Problem 
(C). We always assume A and A be two constants satisfying A > A > 0. Denote by «S™ the set 
of all n x n (symmetric) positive definite matrices and 

^a,a = {Q£ Sl\m 2 < Q£ • £ < A|£| 2 , V £ G R"} . 

For a matrix B, we always denote Bij as its entries. 

We recall that a Polish space is a separable completely metrizable topological space. We 
mention that all (nonempty) closed sets and open sets in R m are polish spaces. 

We make the following assumptions. 

(51) Set Q is a bounded domain in R™ with a C 2 boundary dfl. 

(52) U is a Polish space. 

(53) Function A(x,v) takes values in which are measurable in x G and continuous 
in v G U. Further, there exists an F G L°°(f2;R m ) and a continuous u : [0, +oo) — >■ [0, +oo), 
such that w(O) = and 

\A(x,v)-A(x,v)\<u(\F(x)-F(x)\), Vx.iel], veU. (1.4) 

(54) Function f(x,y,v) is measurable in x and continuous in (y,v) G R x U for almost all 
x G £1. Moreover, for almost all x G fl, 

fv(x,y,v)<0, VMeRxd, (1.5) 



Cesari-type Conditions for Elliptic Equations 



3 



and for any R > 0, there exists an Mr > such that 

\f(x,y,v)\ + \f y (x,y,v)\<M R , VveU,\y\<R. (1.6) 

(S5) Function f°(x,y,v) is measurable in x, lower semicontinuous in (y,v) G R x f7 for 

almost all x G 17. Moreover, for almost all x G and for any R > 0, there exists an > 
such that 

f°(x,y,v) > -K R , Vv£U,\y\<R. (1.7) 

Remark 1.1. In (1.4), m need noi eonaZ to n. VFe can see £/ia£ (1.4) /ioZds naturally when U 
is a finite set. On the other hand, if A(x, u) is uniformly continuous in x G SI with respect to 
u G U , then (1.4) holds. 

Remark 1.2. Without loss of generality, we can suppose that co(-) is a continuous module in 
(S3), i.e., 

(i) w(-) is continuous and increasing on [0, +oo), 

(ii) w (0) = 0, 

(iii) /ioZos i/iat 

w(r + s) < w(r) + co(s), Vr, s > 0. 
In fact, if necessary, we can replacing oj(-) by 

Cj{r)= sup \oj{s) — w(i)|, r > 0, 

s-t|<r 
s,te[0,K] 

where R = 2||F|| i oo(Q. R m- ) . 
Denote Z = [0, l] n and 

Uz = {v : Z ^ U\v(-) is measurable} . 

Let ei, e2, . . . , e n be the canonical basis of R n . We call a function g(x) is Z-periodic if it admits 
periodic 1 in the direction ej (J = 1, 2, . . . , n). Denote 

L^(Z) = {/i G L°°(R n )|/i is Z-periodic} , 
4(2) = {/i 6 Hl oc (n n )\h is Z-periodic} . 

We define 

S(x, y) = {(P, C, C°) G SI x R x R |p = A(x, u), C = /(*, y, «), C° > /°(x, y, u), n G (1.8) 
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and 




JZ 



where w\-) € Hi(Z) solves V z ■ [A(x, u{z))( ei + Vw\z; x)) ) = 0, (1.9) 




Our main result is the following theorem. 



Theorem 1.1. Assume (SI) — (S5), and the following condition hold 



£(x,y)=f]G£(x,B 5 (y)), 



a.e. (x, y) € Q. x R, 



(1.10) 



where £(x,y) and G£(x,y) are defined by (1.8) and (1.9), G£(x,y) is the closure of G£(x,y) in 
5" x R x R, and B§(y) is the ball centered at y with radius 5. Then Problem (C) admits at 
least one solution. 

Remark 1.3. When the leading term is independent of control variable, i.e. A(x,u) = A(x), 
Theorem 1.1 is equivalent to the classical existence result of optimal control {see Theorem 6.4 in 
Chapter 3 of [11]). This fact will follows by Proposition 3.4 in Section 3. 

When dealing with problems with controls containing in the leading term, we meet a main 
difficulty that is to find the state equation corresponding to the weak limit of state sequence. 
This is involved with the iT-convergence and G-closure problem. It is known that optimal 
control usually does not exist for Problem (C) and therefore to seek optimal relaxed control for 
Problem (C) is more meaningful than to seek a solution for Problem (C). Nevertheless, we think 
this paper contains some useful ideas for us to get the relaxation of Problem (C), which will be 
our forthcoming work. In this paper, we will give a local representation of G-closure in Section 
2, which is critical in proving the existence theorem. While Section 3 is devoted to a proof of 
Theorem 1.1 and some propositions. 

2 H-convergence and Local Representation of G-closure 

Now, let us recall the notion of H-convergence. This kind of convergence was introduced by 
Murat and Tartar in [15]. 

Definition 2.1. A sequence of matrix valued functions A £ (-) € L°°(J7;^a,a) * s sa *^ t° H- 
converge to a matrix valued function A*(-) € L(0;^#a,a); if for any right hand side f G id _1 (0) ; 
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the sequence y £ (-) £ Hq(Q) of weak solutions of 

-V • (A £ (x)Vy £ (x)) = f, inn 



(2.1) 

y £ (x) = 0, on dQ 

satisfies 

y £ (-) Vi.-), weakly in H^n), 
where y(-) is the weak solution of 

-V-(A*(x)Vy(x)) = f, inn, 
y(x) = 0, on dn. 

The notion of "H-convergence" makes sense because of the next compactness proposition 
(see Theorem 2 in [15]). 

Proposition 2.2. For any sequence A £ {-) of matrices in L°°(f2; ^#a,a)> there exists a subse- 
quence of A £ (-), H-converges to an A*(-) £ L°°(n; ^#a,a)- 

This proposition proves the existence of an //-limit for a subsequence of a bounded sequence, 
but it delivers no explicit formula for this limit. The next proposition shows that when A £ {-) = 
A{-) with some periodic matrix valued function A(-), A £ (-) //-converges to an //-limit defined 
by an explicit formula (up to solving some corresponding cell problems). The proposition can 
be stated as 



Proposition 2.3. Let A(-) £ L^(Z; J? A ,\)- Then 



H 



A(-) —t A- Xa{ -) 

with A* 6 ^#a,a being a constant matrix defined by its entries 

A*j = I A(z)(ei + Vwi) ■ ej dz, (2.3) 

where {wi} 1<i<n is the family of unique solutions in Z/_^(Z)/R of the cell problems 

-V • (A(z)( ei + Vwi(z))) = 0, in Z. (2.4) 

For a proof of the above proposition, see Theorem 1.3.18 of [2] or Theorem 1.3.1 of [3]. 
The next classical result (see Theorem 1.3.23 in [2], for example) shows the fact that a general 
//-limit ^4*(-) can be attained as the limit of a sequence of periodic homogenized matrices. 
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Proposition 2.4. Assume A £ (-) € L co (Q.;^\ i \) H-converge to a limit A*(-). For any x in £1 

and any sufficiently small positive h > 0, let A* h (-) be the periodic homogenized matrix defined 
by its entries 

{A* eth (x))..= [ A^x + hz^ei + Vwl^x^-ejdz, (2.5) 
where \ w l h (-; x) \ is the family of unique solutions in H\(Z)/H of the cell problems 

I ' ) l<i<n " 

-V z • {A £ {x + hz){ei + V z w* ih (z;x))) = 0, in Z. (2.6) 

Then, along a subsequence h — ¥ 0, 

lim A* h (x) -> A*(x), a.e. i£fi. 

We list some useful properties of //-convergence in follows. For proofs of these results, see 
Proposition 1.2.18, Proposition 1.2.22 and Proposition 1.3.44 in [2]. 

Proposition 2.5. Let A £ {-) and B £ {-) be two sequences in L°°(Q; ^a,\)> which H-converge to 
A*(-) and B*(-), respectively. Let Qo be an open subset ofQ. If 

A £ (x) = B £ (x), inO , 

then 

A*(x) = B*(x), mQ . 

Proposition 2.5 shows that the value of //-limit A*(-) in a region Q.q does not depend on he 
values of sequence A £ {-) outside of this region, which is precisely what we mean by locality. 

Proposition 2.6. Assume A £ {-) G L°°(f2; ^#a,a) converge strongly to a limit matrix A*(-) € 
L 1 (il;^# AjA ). Then, A £ (-) H-converges to A*{-) too. 

In particular, if A £ (-) £ ^a,x converges to A*(-) almost everywhere in ft, then A £ (-) H- 
converges to A*(-). 

This proposition shows that //-convergence is weaker than strong convergence. On the 
other hand, it is well-known that usually the weak limit of a sequence A £ (-) does not equal to 
its //-limit. 

Proposition 2.7. Let (SI) hold. Then there exist constants C > and 5 > such that, for 
any 1 < p < 1 + 5 and two sequences of A £ (-) and B £ (-) in L°° (fi; ^#a,a) , which H-converge to 
A*(-) and B*(-), respectively, it holds that 

\\A*(.) - B*(-)\\ LP{n) <Cljm \\A £ (-) - B £ (-)\\ LP(n) . (2.7) 
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Now define 

G(A) = {P(-) G L°°(n ; ^ A)A ) | 3n £ (-) G W, s.t.A(-,u £ (-)) ^> • (2.8) 

We see that Q{A) is the set of all possible ii-limits of { J 4(-,M(-))} u j,j gW . A very important 
problem called G-closure problem is to find out the structure of Q(A). Many works devoted 
to this problem dealt with two-phrase composite cases(see, for examples, [4], [14] and [17]). In 
[17], a precise formula of Q(A) was given for a special two-phrase case of A taking only al and 
(31 for some (3 > a > 0. Unfortunately, in most cases including usual two-phrase cases, precise 
knowledge of the G-closure are still lacking. 

A local representation of Q(A) is crucial to our main result. We give a simple lemma related 
to Assumption (S3) first. 

Lemma 2.8. Let lj(-) be continuous on [0, +oo), cj(0) = and F(-) G L°° (12; R m ) . We have 

the following results. 

(i) 

]hnj u(\F(x + hz)-F(x)tydz = 0, a.e. x G Q. (2.9) 
(ii) Let \ Q k > be a family of measurable decompositions of Q such that: 

I J J l<j<k 

(a) ifi + j, n k f]n^ = <D ; 

(b) for anyk, \J Q k = Q; 

l<j<k 

(c) lim max diam (f^) = 0. 

k-^+ool<j<k J 

Then 

^t^J n J a A\^)-n X )\)^ x = , ,2.0) 

where \E\, diam (E) denotes the Lebesgue measure and the diameter of E, respectively. 

Proof, (i) Let x G ft be a Lebesgue point of F(-) and satisfy |P(ar)| < ||P||L°°(T2;R m )- Then 

\F(x + hz)-F(x)\dz = 0. 
Thus, as a function of z, \F(x + hz) — F(x)\ converges in measure to as h — >■ 0. Since 
u(\F(x + hz) - F(x)\j < max{u;(r)|0 < r < 2||P|| L oo( n . R m)} , a.e. z G Z, 
we get (2.9) by Lebesgue's dominated convergence theorem. 
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(ii) By Remark 1.2, we suppose oj(-) is a continuous module without loss of generality. For 
any $(•) G C(n ; R m ), we have 

Ei4LL"( |jr(s, - F(i,| ) <,5<fa 

^ E]4t A / fc {w(|^)-*W|)+w(|*(a)-*(x)|)+o;(|*(x)-F(x)|)}d S da; 

- 2/ oU (|F(x) - .(x)|) <fa + £ ^ „(|.(.) - .(x)|) **. 

Consequently, if we set F(x) = for x and choose 

= y F(x + hz)dz, 

we have $ £ C(f2;]R m ). Consequently, it follows easily from the uniform continuity of $ and 
the assumption (c) that 



k 

lim 



Thus, 



k 

M V^- f f u(\F(s) -F(x)\) dsdx 

< 2 J u(\F(x)-J F(x + hz)dz\}dx 

< 2 J ^(J \F(x + hz)-F(x)\dz^jdx, V/i > 0. 



Therefore, 



< 2 lim / u( / |F(x + /iz) -F(z) I dz) dx = 0. 
Jq \Jz ' 

We get the proof. □ 

Now, we will give a local representation of Q{A). 
Theorem 2.9. Assume (SI) — (S3) hold. Then the G-closure set Q{A) is characterized by 

G{A) = |P(-) G L°°(n- Jt KX ) | P(x) G GJAj, a.e. x G Sl| (2.11) 
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with G X (A) being defined by 



G X (A) = {Q€S$ 



3u G Uz, s.t. Qij = / A(x,u(z))(ei + Vw l (z;x)) ■ ej dz, 
Jz 

where w z '(■; x) G H#(Z) , V z ■ (a(x, u(z))(ei + Vu/(z; x)fj = o|. 
Remark 2.1. is easy to see i/iai in (2.12), G X (A) can be rewritten as 



(2.12) 



G x (A) = [QeSl 



3ueU z , s.t. Qij = J A(x,u(z))(ei + Vw l (z;x)) ■ (ej + Vw j (z))dz, 

where w i (-,;x) G H^(Z), V z ■ (A(x,u(z))(ei + W(z;x))) = o}, 

(2.13) 

which implies G X (A) C ^#a,a- 

Proof of Theorem 2.9. Denote 

= |P(-) G L°°(0;^a iA ) | P(x) G G^4), a.e. x G fi| . 
We need to show = 

We prove Q(A) C P(^4) first. Assume A*(-) G (7(A). Then there exists a sequence u £ (-) eU, 
such that as e — >■ + , 

A(-,u £ (-))^A*(.). 
By Proposition 2.4, along a subsequence /i — > 0, 



A*.(x) = lim lim(A£ Jx))a a.e. x G O, 

where A£ £ (-) is defined by 

(A* he (x))ij= I A(x + hz,u £ (x + hz))(ei + V z w % h£ (z-,x)) ■ ejdz 
Jz 

with w % h£ (-;x) G H^(Z)fR being the unique Z-periodic solution of 

V z ■ (A(x + hz, u e {x + hz)){ei + V z w{ j£ (z; x))) = 0. 

On the other hand, define A* h£ {-) by 

( A Ks( x ))a= / A(x,u £ (x + hz))( y e i + V z vi (z;x)) ■ ej dz 
Jz 

with w l h£ (-;x) G H^(Z)/H being the unique Z-periodic solution of 

V z ■ (A(x, u £ {x + hz)){ei + V z wi :£ (z; x))) = 0. 



(2.14) 



(2.15) 



(2.16) 



(2.17) 



(2.18) 
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Then, combining (2.16) with (2.18), we get 



V 2 ■ [A(x, u £ (x + hz)) (Vw l h£ (z; x) - Vw l h£ {z; x) 



= V 2 



(A{x,u e (x + hz)) - A(x + hz,u £ (x + hz)))(ei + V z w\ l ^(z;x)) . (2.19) 



Multiplying (2.19) by w l h£ (z;x) — w l he (z;x) and using integration by part, we get from the 
periodicities of w\ £ (-;x) and w\ £ (-;x) that 

/ A(x, u £ {x + hz)) (Vwi (z; x) - Vwi >£ {z; x)) ■ (Vu£ (z; x) - V< (z; x)) dz 
J z 

= j (a(x,u £ (x + hz)) - A(x + hy,u £ (x + hz))) 

(d + V z wl £ (z; x)) ■ (V z wi t£ (z; x) - V z < >£ (z; x)) dz. (2.20) 

Then the ellipticity of A yields 



A||V< )£ (-;x) - Vwi j£ {-,x)\\ L 2 (z) 



1 1/2 



< I J (A(x,u £ (x + hz)) - A(x + hz,u £ (x + hz))) (e» + Vw^ e (z;x)) 2 dzj 

By (2.18) and Meyers' theorem (see [13], see also Theorem 1.3.41 and Remark 1.3.42 in [2]), 
there exist constants p > 2 and C > 0, both dependent only on A, A and O, such that 



l|V< £ (-;x)|| LP(z) < C, ||V< £ (-;z)|| LP(z) < C. 



(2.21) 



Thus 



||V< £ (-;x)-V^ £ (-;x)|| L2(z) < j ^Aix^ix+hy^-Aix+hy^ix+hyW dy) 1 '" , (2.22) 



where - + - = -. Then it follows from (2.22) and (S3) that 
p q 2 



dz 



\(A* hte {x))ij - (A* hte (x))ij\ 

< / \A(x,u £ (x + hz))(V z wi :£ {z;x) - V z w\ (z; x))\ dz 
Jz 

+ J (a(x + hz, u £ (x + hz)) - A(x, u £ (x + hz))) (e» + V z ^ j£ (z; ar)) 

< C||V4 i£ (-;x)-V< £ (-;x))|| L2(z) 

+c( y \A(x + /iz, m £ (x + hz)) - A(x, u £ (x + hz))\ q dz) 1/q \\ ei + Vi5^ e (-; x)\\ L v {z} 

< C (f \A(x + hz,u £ (x + hz))-A(x,u £ (x + hz))\ q dz)' 



1/9 



< c 



uj[\F(x + hz)- F(x) 



dz 



(2.23) 
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Thus, by Lemma 2.8, we get from (2.14) and (2.23) that along a subsequence h — > 0, 

A*Ax) = lim lim(A£ Jx))n, a.e. x E CI. (2.24) 



Noting that A£ j6 (z) € G X (A), we get A*(x) G G X (A), a.e. xeSl. Therefore 0(A) C V{A). 

Next, we turn to prove V(A) C Q(A). Let { fl^ \ be a family of measurable decom- 

l J ) Kj<k 



positions of satisfying (a)-(c) in Lemma 2.8. Denote by Xj(') the characteristic function of 



We will show the result in three steps. 
Step I. Assume A(x, u) = A{u). 

Denote G(A) = G X (A) since G X (A) is independent of x in this case. 
For any A G G(A), we have u(-) G Uz such that 

Ajj = J A(u(z))(ei + Vw\z)) ■ ej dz, 

where w % (-) G H^(Z)/~R solves 

V- (A(u(z))(ei + Vw\z)j) =0. 

By Proposition 2.3, A(u(-)) A~xn(-) as £ ^ + . Thus, Axn(-) G £(A). We denote this 
result simply by G(A) C (7(A). Obviously, we can get G(A) C (?(A) immediately. 
Let A*(-) G P(A). Then 



Define 



Then 



Denote 



A*(x) G G(A), a.e. xgfl. 
% = A[ k A*(x)dx, M-) = Y.A) X ){.). 

A fc (-)^A*(-) strongly in L p (SI), Vl<p<oo. (2.25) 



A^ = JqgG(A) |Q-A>| = inf |P-A>|1, 
{ PeG(A) Jl j 



1 < j < jfe ; jfe = 1,2,3,... . (2.26) 



Since G(A) is closed, A| is always nonempty. Thus, we can select a constant matrix A* 1 from 



Aj. Define 



i4*(-) = E A W(0- ( 2 - 2 7) 
j'=i 
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Since for almost all x G fij, A*(x) G G(A), by (2.26), there is 

\A k (x)-A*(x)\ 

< \A'j-A!j\ + \A!j-A*(x)\ 

< 2|A*-A*(x)|. 

Thus, by (2.25), 

A fc (-)-»-A*(-), strongly in L 1 (ft). (2.28) 
Consequently, by Proposition 2.6, we have 

A fc (-)^A*(-). (2.29) 



The advantage of replacing A k by A k is that we have A k - G G(A) C (?(A) while we do not always 



have A} G G(A). 

Then, by Proposition 2.5 (local property), A k {-) G 0(A). Finally, by (2.29), A*(-) G £(A). 
That is, V{A) C £(A). 

Step II. Assume A (a;, it) = ^ A 3 -(it)xj (x). 

By what we have proved in Step I and the local property of //-convergence, we can see that 
V(A) C Q(A) holds in this case. 



Step III. General cases. Let A*(-) G P(A). Then A*(x) G G X (A), a.e. x€!l. We want to 
prove A*(x) G (7(A). Without loss of generality, we can suppose that 

A*(x) G G X (A), Vx G fi. (2.30) 

Define 



j=i (x, ti) 6 X [/. 



While Ajjl(-) is a measurable selection of the projection of A*(x) on G x (Afc), i.e., A* k {-) is mea- 
surable and 



|A£(x)-A*(x)| = inf \P-A*(x)\, A* k (x) G G x (A k ), 
PeG x {A k ) 

where G x (A k ) is defined by (2.12). By Filippov's lemma (see [10], or Corollary 2.26 of Chapter 
3 in [11]), such an A* k {-) exists. 
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A* k (-)^A*(-), strongly in L 1 ^; 5"). (2.31) 
By (2.30), there exists a u(-) G Uz, such that 

(A*(x))ij = j A(x,u(z))(ei + V z w l (z; x)) -ejdz, 
where for any x G Q, u; l (-;x) G H^(Z)/~R is the solution of 

V, • (A(x, u(z)){ei + V z w*(z; x))) = 0. 
Next, we can define ^(-) by 

(lfe(x))y = J^A k (x,u(z))(ei + V z ^(z;x)) • cfe, 
where u;^.(-;x) G H^(Z)/H is the solution of 

V z ■ (A k (x, u(z))( ei + V z wl(z; x))) = 0. 



< 



z 



This means that ^4£(x) G G x (Ak). Thus, similar to the proof of (2.23), we have 

|(Al(x))y-(A*(x))y| 

< |(AJ(x))y-(A*(x))y| 

< J \A{x,u{z))(V z w\z;x) - V z wl(z;x))\dz 

+ | (A fc (x, «(*)) - u(z))) (a + V z wl(z; x))\dz 

\A k (x,u(z)) - A(x,u{z))\ q d z y /q '. (2.32) 
By Lebesgue's dominated convergence theorem, we deduce 

lim \(Al(x))ij - (A*(x))ij\ = 0, a.e. x G fi, (2.33) 

fe— too 

which proves (2.31). 

Furthermore, noting that A k (-) is piecewise constant and A k (-) G V(A k ), by Step II, A k (-) G 
Q(Ak). Then there exists u k ^{-) G such that 

^(■,n^'(-))^^(-), (j^+oo). (2.34) 

By Proposition 2.2, we can suppose that 

A(;u k *(-))2>A k (-), (j^+oo). (2.35) 
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By Proposition 2.7, we obtain 



\A* k (-) - A k (-)\\ L i {n) 



< C lim \\A k (.,u k >i(-))-A(.,u k >i(-))\\ LHn) 

k 



= C lim fl^-L-f (^( S ,^(x))-^(x,n^(x)))d SX f(x) 
j^+ooJn 1 l s M -/nf v 7 

- ^.^gMili(- 4(s ' u " W) -^'"" W) ) ds 

5 c l?MlL"( |F< ' , - FW| )* <fa - 



Thus it follows from Lemma 2.8 that, 



k \jmJA* k (-)-A k (-)\\ Ll{n) =0. 



Combining the the above with (2.33), we get 



fc JJm o ||A fc (.)-A*(-)|| L i (n) =0. 



H 



Consequently, 

A k (-)^A*(.). 

It follows from A k {-) G Q(A) that A*{-) G 0(A). This ends the proof. 



(2.36) 
□ 



3 Proof of the Main Theorem 

In this section, we will prove our main result. Before that, we need to show three lemmas. The 
first is about the well-posedness and regularity of state equation (1.1). 

Lemma 3.1. Let (SI) — (S4) hold. Then for any u(-) G U, (1.1) admits a unique weak solution 
y(-) G Hq(Q) nL°°($7). Furthermore, there exists a constant R > 0, independent of u(-), such 
that 

Wv\\hI{Q) + < R - (3- 1 ) 

The existence of a weak solution to (1.1) in Hq(Q) together with the .?/q (f2)-norm estimate 
follows easily from the variational structure of (1.1), while the uniqueness of the weak solution 
follows from (S3) and (1.5). The boundedness of weak solution in L°°(Q) follows from standard 
De Giorgi iteration. 

In order to proof our main theorem, we need another lemma. 
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Lemma 3.2. Assume A £ (-) G L°°(0, JK{h, A)) and 



A £ {-) -^A*( 



(3.2) 



Moreover f £ (-),f(-) G L 2 (0) and / e (-) /(•) weakly in L 2 (n). Let y £ (-) G 6e the weak 

solution of 

' -V-(A £ (x)Vy £ (x)) = f £ (x), in Q, 
y £ (x) = 0, on dQ.. 

Then 

V £ {-) V(-) weakly inH^Q), 
where y(-) is the weak solution of 



(3.3) 



-V-(A*(x)Vy(x)) = f(x), in fi, 

= 0, on (90. 

Proof. Set /i e (-) = / e (-) - /(•)• Then \\h £ (-)\\ L 2 {n) is bounded. Let z £ {-) G flj(n) be the 
weak solution of 

-V • (A £ (x)Vz £ (x)) = h £ (x), in tt, 

V ' (3.4) 
z £ (x) = 0, on cttl 

We have 

A f \Vz £ (x)\ 2 dx< [ A £ (x)Vz £ (x) ■ Vz £ (x)dx 
Jn Jn 

= [ z £ {x)h £ (x)dx<C\\z £ {.)\\ LHn) . 
Jn 

Hence \\z £ (-) Wh^q) 1S bounded. Then along a subsequence e — >■ + , 

z e (-) — )- z(-), weakly in Hq(Q), strongly in L 2 (Q). 
Consequently, along a subsequence e — >• + , 

A f \Vz £ (x)\ 2 dx < [ z £ (x)h £ (x)dx -> 0, 

which means 

z e (.) _> = 0, siH^(n). 

Moreover, we can get that z £ (-) itself converges to strongly in Hq(Q). 
Since 

' -V • (A £ (x)V(y £ (x) - z £ (x))) = /Or), in fi, 

< v 7 (3.5) 

y £ (x) — z e (x) = 0, on d£l, 
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/(•) " z £ (-) ~* */(■), w eakly in H^(Q). 

Thus 

y%-) = (y%-) - z%-)) + z%-) - y(-), weakly in 
This ends the proof. □ 

The third lemma is about relaxed control defined by finite-additive probability measures. 
Denote C(U) the bounded continuous function space on U, and M(U) the space of all regular 
bounded finitely additive measures on U. Moreover, denote 

■M\(U) = |/U € M(U) n is nonnegative and //(£/) = l| 

and 



n(n,u) = ley ■. n -> a^(co 



X 1-7- 



y h(v)o(x)(dv) is measurable, V/i € C(C7) 



Let C(t7)* and L 1 ^; C(f7))* be the dual spaces of C(U) and L 1 (fi;C([/)), respectively. We 
regard M\(U) and U) as subspace of C([/)* and L 1 (J7; C(C/))* by setting 

p(/i)= /" h(v)n{dv), VheC(U), (3.6) 

J(7 



and 

f h(x,v)a(x)(dv), V g e L 1 (Q; C (U)) . (3.7) 

By Theorems 12.2.11 and 12.4.6 in [9], (3.6) and (3.7) are well defined. Thus we denote u k {-) 
a(.) if 

lim / / h(x,v)a k (x)(dv)dx = [ [ h(x, v)a(x)(dv) dx, V h € L^fi; C(U)). (3.8) 
We have (see Theorem 12.5.9 in [9]): 

Lemma 3.3. Assume (SI) — (52) /ioW. Let «&(•) be a sequence in U. Then there is a subse- 
quence ofuk(-), still denote by itself, such that 

for some a(-) G 1Z(Q, U), i.e. 

lim / h(x,u k (x))dx = [ [ h(x,v)a(x)(dv)dx, V h € L l (U; C (U)) . (3.9) 
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Now we are at the position to prove Theorem 1.1. 

Proof of Theorem 1.1. Let u k {-) G U be a minimizing sequence of Problem (C), y k () be 
the corresponding state sequence. Then 

\\yk{-)\\ H l{Q) + ||j/k(-)llL°°(n) < R- 

Thus, along a subsequence, 

Vk(-) -> y(-) weakly in Hq(Q), a.e. in Q (3.10) 

for some y(-) G f#(J2) D L°°(ft). 

By Proposition 2.2, there exists an A*(-) G L°°(f2; ^#(A, A)) and a subsequence of Ufc(-), still 
denoted by u k (-), such that 

A(.,u k (.))^A*(.). 
Then by (2.24), along a subsequence /i — >■ 0, 

A^Ax) = lim lim / A(ar, u&(x + hz))(ei + wl k (z; x)) ■ e,- cfe. (3-11) 

where w^ fc (-;a;) G H^(Z) is the Z-periodic solution of 

V • (A(x, u fc (x + /iz))(ei + u£ >fc (z; x))) = 0. 

On the other hand, since 

\f(x,y k (x),u k (x))\ < M R , 

we can suppose that 

f(;y k (-),u k (-)) -/(•), weakly in L 2 (ft) (3.12) 

for some /(•) G L°°(ft). 

In order to characterize / precisely, it is useful to use relax controls defined by finite-additive 
measures. By Lemma 3.3, we can suppose that 

for some cr(-) in 7£(f2, J7). That is, 

lim / h(x,u k (x))dx = [ [ h(x,v)a(x)(dv)dx, V/i G C(U)). (3.13) 

In particular, for any g G L 2 (ft), 

lim / f(x,y(x),u k (x))dx= / / f(x,y(x),v)a(x)(dv)dx. 
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That is, 



/(,| W! ,(^//WW,).W« 

./[/ 

On the other hand, by (S4) and (3.10), 



\f(x,y k (x),u k (x)) - f(x,y(x),u k (x))\ 
< M R \y k (x) -y{x)\ -> 0, (fc-)-oo). 

/(.,»(x),« i (»))-//(.,S(.),.W.)W. weaMyinL^), 



Therefore, 



i.e. 



/(z) = / f(x,y(x),v)a(x)(dv). 
Ju 

Furthermore, define u k (x) = if x f2, then for almost all x € f2, 

/ f(x,y k (x),u k (x + hz))dz - / f(x,y(x),u k (x + hz))dz 
Jz Jz 

<M R \y k (x) -y(x)\ -> 0, (fc^oo) 

and 

lim / f(x,y(x),u k (x + hz))dz 

= , lim 7JT / f( x ,y{x),u k (z))xx+hz(z)dz 

= J J fix, y{x),v)xx+hz(z)(r(z)(dv) dz 

= f(x,y(x),v)a(x + hz)(dv) dz. 

Jz Ju 

Combing (3.14), (3.15) and (3.16), we obtain 

lim lim / f(x,y k (x),u k (x + hz))dz = f(x), a.e. x£!l. 
In addition, we define 

fk,h( x ) = / .f (x,yfc(x),u fc (x + hz))dz, 
Jz 

f°(x) = lim lim f^ h (x), a.e. x £ fl 

ft— >0 fc->oo 

Then, combing (3.11), (3.17) with (3.18), we obtain that along a subsequence h — > 0, 







/» 


= lim lim 

ft-s>0 fc-s-oo 


V /°(*) ) 





A(x,u k (x + hz))(ei + ti^ fc (z)) • e 3 - 

y 

f(x,y k (x),u k (x + fcz))dz 
/°(x, y k (x),u k (x + for)) 
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Thus, 



By (1.10), 



Define 



(A*(x)J(x), f°(x)) G P| GS{x, B s (y(x))), a.e. xe!l. 

<5>0 



(A*(x),f(x),f°(x)) G £(x,y(x)), a.e. x E CI. 



(3.20) 



(3.21) 



g(x,u) = \A(x,u) - A*(x)\ + \f(x,y(x),u) - f(x)\ + [f(x,y(x),u) - f(x)} + , 

where a + denote the positive part of a real number a. Then, g(x, u) is measurable in x and 
continuous in u. It follows from (3.21) and the definition of £(x,y(x)) that G g(x,U). By 
Filippov's lemma, there exists a u(-) G U, such that 

A*(x) = A(x,u(x)), 

f(x) = f(x, y(x),u{x)), a.e. x e fl. 

f°(x)>f°(x,y(x),u(x)), 

Consequently, y(-) is the weak solution of 

-V • (A(x, u(x))Vy(x)) = f(x, y(x),u(x)), in Q, 
y(x) = 0, on dQ. 

Finally, by Fatou's lemma, 

J(u(-))= [ f(x,y(x),u(x))dx 



< I f{x)dx 



lim lim (x) dx 



< lim lim / f®(x) dx < lim lim / / f°(x,yk(x),Uk(x + hz)) dz dx 
h-*o fc->o Jn h->o fc->o Jn Jz 

= lim J(« fc (-)) = inf J(u(-)). 

fc-S-0 m(-)gW 

This means that u(-) is a solution of Problem (C), proving Theorem 1.1. 



□ 



Proposition 3.4. Let (51) — (55) hold. If A(x,u) = A(x), then (1.10) is equivalent to 

E{x,y) = P| co E(x,B s (y)), (3.22) 
<5>0 



where 



E(x, y) = { (C, C°) G R x R|C = f(x, y, u), C° > f°(x, y,u),u€u}. 
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Proof. Denote 



E(x, y) = | (C, C°) € R x R|C = j z f(x, y, u{z)) dz, (° > ^ f(x, y, u(z)) dz, «(•) GW Z J. 
When A(x,v) = A(x), (1.10) is equivalent to 



£(x,y) = f|£;(x,B tf (y)). 

<5>0 



(3.23) 



To prove (3.22), we need only to show that 



co E(x,y) = E(x,y). 



(3.24) 



I. We first prove co E(x,y) C E(x,y). 

m 

For any (£, £°) € co E^x, y), there exist CKj, i = 1, 2, • • • , m such that ^ Oj = 1 and 



i=i 



i=l 



Define uq(-) 6W z by 



7/0(2) = < 



ui, -21 € [0,ai], 



(3.25) 



Thus 



and 



/ f(x,y,u (z))dz = y2aif(x,y 
Jz i=i 



/ /°(x, y, «<,(*)) ^ = V a,/ ^, y, u,) < C°- 
Jz 7=i 

This means (C,C°) €E E(x,y). Thus co E(x,y) C E(x,y), and then ~co E(x,y) C E(x,y). 
II. Now, we turn to prove E(x,y) C Tx)E(x,y). 

Let {[/^ } 1< <jt be a family of measurable decompositions of J7, such that 

(a) ifi/j, then C/ff| [7^ = 0; 

fc 

(b) for any jfe, J = ^! 

(c) lim max diam (f/ fe ) = 0. 
Moreover, let G C/^ and 



2f = {z£ zUz) G [//} 
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Then by the continuity of / and the lower semi-continuity of f°, for a.e. (x,y) G f2 x R, 

k 

lim *S2f{x,y,uf)x Z k(z) = f(x,y,u(z)), a.e. z G Z 



k— >oo ' 

i=l 



and 



lim V/ (x,y,^ fc )x Z fc(z) > f°(x,y,u(z)), a.e. z£2, 



fc->oo 

1=1 



which means for a.e. (x, y) G 12 x R 

k 

Q 

and 



lim V/(x,y,«f)m(Zf) = / f{x,y,u(z))dz, 

i=l 



lim V/°(x,y,«*>(^)> / /°(x,j/,u(z))^. 
1=1 JZ 
k 

Noting that m(Ef) > and ^m(Z 4 fc ) = 1 for k = 1, 2, ■ ■ ■ , we deduce E(x,y) C ToE(x,y). 



i=l 



Consequently, E(x,y) C co E(x,y). This end the proof. □ 

Similar to the classical cases (see for example, Chapter 3, Proposition 4.3 in [11]), we have 
the following proposition 

Proposition 3.5. Assume that 

(56) For almost all x G £1, f(x, -,v) is continuous uniformly in v G U and f°(x, -,v) is lower 
semi- continuous uniformly inv G U, i.e. for any y G R and e > 0, there exists ar = r(x, y) > 0, 
such that for any y G B T {y), 

\f(x, y, v) - f(x, y,v)\<e, 

vu G U. (3.26) 

f°(x,y,v) > f°(x,y,v) - e, 
Then (1.10) is equivalent to 



S(x,y) = G£(x,y), a.e. (x, y) G Q x R. (3.27) 
Proof. We will prove that 



In fact, we need only to show 



G£(x,y)=f]G£(x,B s (y)). (3.28) 

<5>0 



f]G£(x,B 5 (y))CG£(x,y) 

8>0 
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since 

G£(x,y) C f|Gf(x,Bi(y)) 

<5>0 

holds obviously. 

By (S6), for any y G R n and e > 0, there exists a r = r(x,y) > 0, such that for any 
jf G S T (y), (3.26) holds. For any 5 G (0,r). Let (P s , (5, C°) G G£(x,B 5 (y)). That is 



(-P«)ij = / z A(a;,7/(z))(ei + Vw£(z;x)) • dz, 
C* =/ z /(x,y 5 ,u 5 (z))dz, 
[ C*° >/ z / (x,/,u 5 (z))dz 

for some u s (-) G £Yz and y s G B$(y), where w l (-;x) G H^(Z) solves 

V, • (A(x, u 5 {z))( ei + V«;j(z; x))) = 0. 

Thus by (3.26), we obtain 

' \Cs~ [ f(x,y,u s (z))dz\< [ \f(x,y 5 ,u\z))-f(x,y,u\z))\dz 

C°> / f{x,y 5 ,u 5 {z))dz> / f°(x,y,u 5 (z))dz-e. 
^ JZ JZ 

That is, (P 5 ,C«5,C°) e B £ (G£(x,y)). Consequently, 

G£(x,B$(y)) C B e (G£(x,y)). 



< e, 



Therefore 



which ends the proof. 



f| G£(x,B 5 (y)) C p| B e (GS(x,y)) = G5(x,y), 

5>0 £>0 



(3.29) 



(3.30) 



(3.31) 

(3.32) 
□ 
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